Viscous fluid dampers have proved to be effective in suppressing unwanted vibrations in a range of engineering structures. When dampers are fitted in a structure, a brace is typically used to attach them to the main structure. The stiffness of this brace can significantly alter the effectiveness of the damper, and in structures with multiple dampers, this can be a complex scenario to model. In this paper, we demonstrate that the effects of the brace compliance on the damper performance can be modelled by way of a first-order filter. We use this result to formulate a procedure that calculates the stiffness required by the supporting brace to provide a specified effectiveness of the damping action. The proposed procedure assumes that viscous dampers have been sized in a previous design step based on any optimal methodology in which, as is usually the case, the presence of supporting braces and their dynamic effects were neglected. Firstly considering a one degree-of-freedom system, we show that the proposed method ensures a desired level of damper efficiency for all frequencies within a selected bandwidth. Then the analysis is extended to the case of multi-degree-of-freedom systems to show that the design criteria can be applied in a straightforward and successful manner to more complex structures.
INTRODUCTION
The idea of incorporating damping devices into a structure that can absorb a considerable portion of the vibration energy has been used for many decades [1] [2] [3] . A popular solution is based on passive viscous fluid dampers deployed in a wide range of configurations [4] [5] [6] . The typical aim is to protect structures from the damaging effects of destructive natural events, while offering reliable supplemental energy dissipation systems at relatively low installation and maintenance cost. This paper focuses on the design of supporting braces for structures provided with linear viscous fluid dampers.
A well-designed system based on viscous fluid damper could effectively mitigate the hazard posed by strong dynamic forces like those generated by wind or seismic loads. Over many years, research efforts have been aimed at reliable and cost-effective design practices. Optimal design methodologies for passive dampers based on a number of theories have been proposed for determining both damper sizes as in [7] [8] [9] [10] [11] and damper locations as in [12] [13] [14] [15] among others. They commonly differ on how the optimisation problem is addressed and in which cost function and constraints the optimisation problem are subjected to.
Nevertheless, most conventional approaches for designing energy dissipation devices do not take into account the presence of supporting braces, whose local compliance can significantly reduce the desired dissipative action of the dampers. This said, work that has acknowledged this problem includes that of Takewaki & Yoshitomi [16] , where the authors proposed a damping optimisation procedure by considering the minimisation of the inter-storey drifts evaluated at the undamped fundamental natural frequency. Other relevant studies include those of Park et al. [17] and Singh et al. [18] who describe the use of gradient-based optimisation algorithms to obtain the optimal parameters of dampers and their supporting braces in structures subjected to seismic motions. More recently, Chen et al. [19] also proposed a gradient-based numerical procedure for determining the minimum brace stiffness together with a set of optimal damper coefficients to meet a target response reduction. They used Maxwell model-based brace-damper systems and concluded that a brace stiffness equal to the first storey stiffness would be adequate for the desirable levels of response reduction in typical applications. Although optimisation gives solutions, insight into how individual brace stiffnesses affect the overall dissipation is unclear.
As an alternative to complex optimisation, our approach is to use one of the existing damper sizing strategies (where damper coefficients are typically optimised assuming infinitely stiff braces) and then use a filter method to select the stiffness of all braces in a way that the damper efficiency reaches a predetermined specification. The most closely related approach in the literature is that proposed by Fu & Kasai [20] , where the influence of brace stiffness was studied through a parametric analysis. The authors concluded that a ratio between the damper parameters and braces stiffness approximately in the range 1:0-1:5 and a ratio between the braces and storey stiffness in the region of 10 are recommendable for near-optimal solutions. However, their formulation is based on the study of the steady-state harmonic motion of an SDOF oscillator fitted with a brace-damper system at its undamped natural frequency only. Another relevant method that uses a transformation from the Kelvin model to the Maxwell model is presented by Valles et al. [21] . This method is formulated for steady-state motion at a single vibration frequency, and its generalisation to a wider frequency range is unclear. In addition, it requires the introduction of a fictitious stiffness in the Kelvin model that is difficult to relate to the physical parameters -as discussed by the authors.
In this paper, we observe that the effects of the brace compliance on the damper performance can be modelled as a first-order filter (or series of filters if multiple dampers are present). Based on this, we propose a new method for selecting brace stiffnesses. Firstly, the viscous dampers are sized in the normal way -using an optimal design methodology that ignores the dynamic effects of supporting brace stiffnesses. Then we use the first-order filter observation to determine the stiffness required by the supporting brace such that the resulting brace-damper assembly will behave with a desired level of efficiency within a predefined frequency bandwidth. By adopting this approach, we believe that this simple method can be used as an additional tool, which is complementary to conventional damper design strategies. To present the method, we first consider a single-degree-of-freedom structure in Section 2. Then, in Section 3, the analysis is extended to the case of multi-degree-of-freedom systems to show that the design criteria can still be applied straightforwardly. In Section 4, we consider two example systems and then conclude in Section 5.
BRACE SIZING IN A SINGLE-DEGREE-OF-FREEDOM STRUCTURE
Consider the SDOF shown in Figure 1(a) , where the supplementary viscous damper is connected to the structure via a supporting brace of stiffness k b . Note that additional dynamics arise from the inclusion of the brace's flexibility. The force generated by this brace-damper configuration can be represented by a purely viscous damper and purely elastic spring connected in series as shown in Figure 1(b) . This is known as the Maxwell model [22] and is described in Equation (1b), where f d is the force generated by the viscous damper, c d is the coefficient of the viscous fluid damper, k b is the brace stiffness in the direction of the damper force, x is the total deformation of the brace-damper arrangement and (P) represents the derivative with respect to time t. The system dynamics under earthquake excitation can be described by means of the set of equations (1), where m, c, k represent the structural mass, damping and stiffness, x is the structural displacement relative to ground and R x g is ground acceleration. 
We calculate the system transfer function for the structural displacement with respect to the ground acceleration. To do so, we use the set of parameters:
Notice that along with the classical definition of undamped natural frequency and structural damping ratio, two parameters, andˇ, are used to represent the ratio of the damper size to the brace stiffness and the ratio of the damper size to the mass of the structure, respectively. By substituting these parameters into Equation (1), applying the Laplace transform method and taking out common factors, we find
where s is the Laplace variable and X , F d and A g are the Laplace transforms of x, f d and R x g , respectively. By eliminating F d , we obtain the transfer function
where
Note that the brace-damper assembly properties and associated dynamics are fully encapsulated in H.s/. For the case of an infinitely rigid brace, the parameter becomes zero, and the damper's contribution can be directly accounted for through the constant parameterˇ. Equation (5) shows how the effect of brace compliance on the overall system dynamics can be modelled by way of a first-order filter with cutoff frequency equal to 1= . This can be interpreted as the brace filtering out the damping force delivered by the dissipation device above the cutoff frequency, thereby reducing the damping action. This characteristic will be explored in the next section to identify the brace size that maximises the damper performance. 
Efficiency of the brace-damper assembly
The compliance of the damper brace will introduce a reduction in the additional damping force effectively transferred to the structure as well as a phase shift in the damper response. In common with a first-order filter, both gain and phase shift are a function of the frequency of vibration.
Consider the Bode diagram of H.s/ shown in Figure 2 . The equations for obtaining magnitude and phase are embedded in each plot. When the system vibrates at an angular frequency ! D 1 , the magnitude of H.s/, that is, the effective damping force supplied by the brace-damper assembly in Equation (4), drops off by approximately 3.01 dB -a reduction of around 30%.
One may want to maximise the effectiveness of the damper when the system is vibrating at a certain frequency. This can be achieved by increasing the efficiency of the brace-damper at that frequency. To quantify this, we define the efficiency, E, as the ratio between the magnitude of H.s/ at the frequency of interest and its maximum possible value,ˇ, to give
This ratio can be used as a criteria to obtain the required brace size in such a way that a desired level of efficiency of the brace-damper assembly is achieved at a certain frequency of vibration. It is worth noticing that jH.j!/j is a monotonically decreasing function of !. So that if the efficiency of the brace-damper assembly is determined for a particular frequency, at any other lower frequency of vibration, the desired assembly efficiency is guaranteed not to be less than that current value.
Determining the brace size
Increasing the efficiency of the brace-damper assembly at a certain target frequency ! t requires extending the plateau of jH.s/j in Figure 2 up to that frequency. This can be carried out by reducing , which is equivalent to increasing the brace stiffness k b . Ideally, an infinitely rigid brace produces an infinite extension of the plateau resulting in maximum efficiency for all frequencies.
We propose the following formula to obtain once the target frequency, ! t (rad/s), and level of efficiency, E, have been selected by the designer. This equation comes from combining Equation (6) with the expression of the magnitude for a first-order filter in Figure 2 . 
Based on the monotonicity of H.s/ with respect to !, it can also be stated that
Figure 3(a) shows the evolution of the parameter in Equation (7) as a function of either the target frequency for a desired efficiency of 98% or the efficiency for a target frequency of 1 (rad/s). Figure  3 (b) shows the frequency response of an SDOF structure with an added brace-damper assembly from the transfer function in Equation (4). In the plot: D 3%, ! n D 12 (rad/s) andˇD 1:5. Note that by varying from 0 to 1, that is, from the case of infinitely rigid brace to the case of no brace-damper assembly, not only the peak amplitude but also the resulting system frequency changes. Interestingly, increasing the brace stiffness initially results in an increase in the system's frequency but only up to a certain level after which the frequency reduces to the damped frequency of the system if a pure dashpot (with an infinitely stiff brace) is considered.
Design criterion for the brace stiffness
The proposed method assumes that the damper size has already been determined in the usual way, that is, using an optimisation scheme in which the presence of the brace and its effects on the damper's behaviour were neglected. Consider the case of an SDOF system with an added linear viscous damper. To design the brace stiffness that closely matches the behaviour of a pure dashpot, it is enough to use the undamped structural frequency as the target frequency in Equation (7) and select a high desired efficiency. We found that E.! n / D 98% delivers a good trade-off in terms of brace size and final brace-damper assembly performance. Hence, by substituting these values into (7) and solving for k b , we can write an expression for the required brace stiffness as
This equation can be used to calculate the minimum brace stiffness required to achieve a performance comparable with the case when the brace is assumed to be infinitely rigid. On account of Equation (8), this statement is valid for all the frequency bandwidth below the undamped natural frequency of the SDOF structure. A numerical example illustrating the use of this method along with an assessment of its accuracy is presented in Section 4.1
BRACED MULTI-DEGREE-OF-FREEDOM SYSTEMS
The previous analysis is now extended to multi-degree-of-freedom systems. Without loss of generality, we consider an n-storey building with n d supplemental brace-damper assemblies installed into the structure as shown in Figure 4 . As before, we take into account the braces' flexibility and formulate their interaction with the dampers through the Maxwell model. Hence, we can write an expression equivalent to Equation (1) at every level and collect them in matrix form. The system dynamics can then be described by means of the set of matrix equations (10).
where M, C and K are the n n structural mass, damping and stiffness matrices; x is the n 1 vector of structural displacements relative to ground; e is a n 1 unity vector; f d is the n d 1 vector of damper forces; is a diagonal We first apply a modal transformation using the mode shape matrixˆto write
in which the notation D.d i / represents a diagonal matrix with the i-th diagonal element having the value d i . Note that C is assumed to be a classical damping matrix (Rayleigh damping), such that T CˆD D.2 i ! i i / where i , ! i and i are the modal damping, frequencies and masses, respectively. In addition, the matrix of mode shapes is normalised with respect to the structural mass as shown in [23] .
Proceeding as before, we apply the Laplace transformation to the equations in (11) and then calculate the system transfer function.
The transfer function matrix for the modal displacements Z.s/ with respect to the ground acceleration A g .s/ is then calculated as
Equation (14) represents the dynamics in the frequency domain of a general MDOF system such as the one shown in Figure 4 . Using an analogous approach to that for the case of SDOF systems, all the brace-damper assembly properties are fully encapsulated in the matrix H.s/. Note that (15) is a diagonal matrix and that these diagonal terms are first-order filter-like functions that model the effects of the brace compliance on the system dynamics. This matrix is diagonal because the brace acts only locally in reducing the efficacy of the damper that the brace is connected to. In addition, the contribution of every brace-damper assembly to each mode of vibration is accounted for as a consequence of the multiplication of H.s/ by the matrix of modal shapesˆ, the location matrix ƒ and their transposes as shown in Equation (14) .
Extending the analytical approach we applied to the SDOF structure, if the i-th brace is infinitely rigid, then the corresponding parameter i in (15) becomes zero. Then the contribution of the i-th damper is 100% efficient with the structure observing the full damping c d i , the effects of which are distributed across the structure according to the modal participation factors computed through the multiplications in Equation (14) as described before.
Determining the target frequency in MDOF structures
Because braces act locally, the discussion about the effects of their compliance on the damper performance with respect to Figure 2 is also applicable to MDOF structures. As a direct consequence, Equation (7) can be used straightforwardly to determine the local brace stiffness ratio on each assembly in an independent manner. Notwithstanding that we could allow for individual values i for every i-th brace-damper assembly in the structure, it is more convenient to consider one universal value for the entire system. This is because of the frequency-dependent feature exhibited by the assembly's efficiency E as per its definition in Equation (6) . Consequently, such a universal parameter can be selected in accordance with the level of efficiency desired within a specific frequency bandwidth. Hence, in order to determine the suitable value for the MDOF structure, the target frequency ! t has to be selected appropriately. We recall that this frequency corresponds to the right-hand end of the plateau in Figure 2 and represents the upper boundary of the frequency bandwidth where the assembly behaves with maximum efficiency. The higher the target frequency, the further the plateau will be extended, and the larger the brace that will be required. Therefore, the most favourable solution is the one given by selecting the minimum plausible target frequency. As an example, Figure 5 shows two limit scenarios for the case of a 3DOF structure to illustrate how the target frequency can be selected. The plots present the frequency response of the structure and the idealised expected ground motion spectrum (or the design spectrum conventionally considered for structural design purposes).
The plot on the left-hand side represents the scenario when the structural response is mainly driven by only one mode. In this case, the target frequency can be chosen as the frequency of that dominant mode. The plot on the right represents the scenario when several modes are prone to be excited by the expected ground motion. In such case, arguably the best choice is to select ! t to be the frequency at the right corner of the idealised ground motion spectrum to ensure a close to optimal behaviour ( Figure 5(b) ).
Determining the brace sizes in MDOF structures
Once the target frequency has been defined, suitable stiffness for all braces can be determined from a simple expression. As mentioned earlier, this method assumes that the damper sizes have been determined beforehand with braces idealised as infinitely stiff elements.
For an MDOF structure with added linear viscous dampers, the stiffness required for the i-th brace such that the corresponding brace-damper assembly behaves nearly like a pure dashpot can be calculated by means of Equation (16) . Note that along with the target frequency determined as explained previously, one could use the brace-damper assemblies' efficiency E i to be as high as 98% as this offers a good trade-off in terms of brace size and resulting brace-damper assembly performance. Nevertheless, designers could select a different efficiency target for each brace-damper assembly independently based on their own design criteria. Similarly, the target frequency has to be introduced in rad/s, and the stiffness will be consistent with the units of the damping coefficients c d i , such that This equation can be applied to each assembly in the structure in an independent manner to ensure a structural performance comparable with the case when the braces were assumed to be rigid for all the frequency bandwidth below ! t . In the next section, two numerical examples are discussed to illustrate the use of the proposed procedure.
NUMERICAL EXAMPLES

Example 1: Required brace stiffness for an SDOF.
To illustrate the use of the design procedure proposed in Section 2, consider an SDOF structure with floor mass of 1000 Kg, lateral stiffness of 150 kN/m and damping equal to 3% of critical damping. Suppose that a linear damper with coefficient c d D 4:2 kNs/m has been selected to increase the overall structural damping up to 20%.
We can apply Equation (9) to calculate the stiffness required by the brace to provide a brace-damper assembly that behaves close to the infinite brace stiffness case. After substituting the numerical values, we can calculate Notice that, here, for E.! n / D 0:98, the brace stiffness is high compared to the structural stiffness; however, it will be seen that it is lower than that generated by three of the four other methods considered. The dynamic response of the SDOF structure fitted with the brace-damper arrangement is first evaluated in terms of the frequency response T .s/ defined in Equation (4) . Figure 6 (a) presents three different conditions that are considered: the structure without any additional damping device (dashed line), the structure with the added damper and infinite brace stiffness (thick red line), and the structure with the damper and its supporting brace designed using the method proposed here (thin line). The plot shows that the response of the SDOF with the flexible brace is comparable to that of the idealised model with the infinitely rigid brace.
As discussed when presenting the method, the presence of a non-infinite brace stiffness results in deleterious performance only at frequencies higher than the target frequency, which in this case is ! n . Nonetheless, this does not affect the overall structural response of the SDOF structure in a substantial manner. Figure 6(b) shows the dynamic response of the SDOF structure when subjected to an earthquake. Again, the three aforementioned conditions are presented. Note that when the brace stiffness k b designed by the proposed procedure is used, the system is able to track the response of the ideal case with negligible errors. [24] 280:6 For comparison, we have calculated the brace stiffness required by considering the criteria suggested by three relevant previous works in [20, 21] and [24] . The first reference recommends k b to be 10 times the storey stiffness. The second one considers the transformation from the Kelvin model (linear spring and dashpot in parallel) to the Maxwell model. Note that this equivalence is only strictly valid at the frequency used in the transformation. Moreover, it is necessary to include a small fictitious stiffness in parallel with the damper in order to define a corresponding Maxwell model. Furthermore, the model outcome is extremely sensitive to the value of the fictitious stiffness chosen for the Maxwell model. We used the natural frequency of the system and arbitrarily selected two fictitious stiffness of 3% and 10% of the structural stiffness k to compute the results reported in what follows. The third reference is a recent work that presents a simple noniterative design procedure for brace-damper assemblies. We use the Optimum Brace Stiffness criterion proposed therein to calculate the brace stiffness given in Table I . Figure 7 presents a comparison among the frequency responses of the SDOF system with the added brace-damper assembly when the different brace stiffness are considered. Notice that although the k b recommended by [20] results in a near-rigid behaviour, the k b value is six times greater than that calculated using the method proposed here. As this additional stiffness results in minimal benefit, this near-rigid brace arguably does not represent a cost-effective solution. Furthermore, unlike the procedure proposed in this paper, the transformation presented in [21] offers no indication of how the fictitious stiffness must be selected and how this relates to the final system behaviour, allowing for a very large set of broadly different solutions. Besides, the result offered by the proposed method is highly consistent with that one resulting from the simplified design rule presented in [24] .
Example 2: Required stiffness for braces in a 10-storey structure.
To show the applicability of the proposed procedure to more realistic structures, a 10-storey three-bay frame structure is considered. The structure has been extensively studied before in [13] and [25] . The condensed stiffness matrix matrices that neglects axial deformations is taken from the references as 
In addition, the mass of each storey is 50 tons, and an inherent 2% Rayleigh damping in the first and second modes is used. The cited references identified an optimal solution that comprises five damper locations at the first, third, fourth, fifth and sixth storeys with corresponding added damper coefficients: As pointed out in Section 3.1, the key factor when determining the brace stiffness for an MDOF structure is to identify the target frequency ! t . To emphasise this aspect, we consider two cases: (i) selecting the first natural frequency of the structure without dampers as the target frequency (0.4 Hz for this structure) and (ii) selecting ! t D 3:5 Hz. The second boundary was selected in such a way that the strongest segment of the frequency content of the earthquakes is covered (dashed lines in Figure 8 ). After selecting the target frequency, Equation (16) can be used straightforwardly. Table II presents the resulting brace stiffness calculated for each storey level.
It is worth noticing that one may want to distribute the additional damping in the i-th storey into q damping devices each one with damping coefficient equal to .c d i =q/. In such case, the required brace Table III . Natural frequencies and damping ratios of the first five modes.
Natural frequencies (Hz)
Damping ratio (%) stiffness would be the value k b i reported in the previous table divided by q. Without loss of generality, we assume that the additional damping will be condensed into one device at each corresponding storey -this will not affect the results presented hereafter. Table III presents the resulting frequencies and damping ratios of the first five modes of vibration when considering the different scenarios. The row starting with 'None' refers to the case of the structure with no additional damping, while the row for ! t D 1 refers to the ideal case of disregarding the presence of the supporting braces. By examining these values, it is clear that the case considering the target frequency equal to 3:5 Hz gives satisfactory agreement with the ideal case of pure dashpots with regard to both frequencies and damping ratios.
In addition, the frequency response of the structure in terms of the relative structural displacement at the top storey is presented in Figure 9 . The response of two limit cases, the structure without dampers and the idealised structure with only dampers (infinitely rigid braces) are compared against the realistic case of including flexible supporting braces. Both plots show that for all frequencies lower than the target frequency, the structure with flexible braces closely follows the behaviour of the structure with only dampers. In view of the frequency content of the earthquakes under consideration, it is evident that the case in Figure 9 (a) will yield poorer results.
To further assess the behaviour of the brace-damper assemblies with braces sized in line with the proposed procedure, we use the set of performance indices presented in Table IV [27] . The indices J 1 and J 2 measure the improvements in terms of the acceleration response of the structure with added dampers compared to the system without dampers. The indices J 3 and J 4 concern the peak displacement of the top floor and the overall inter-storey drift. Finally, the index J 5 considers the maximum damper force all over the building. Figures 10 and 11 show the dynamic responses of the 10-storey structure at the top level when it is base-excited by the earthquakes presented earlier. We examine the response in terms of both top storey relative displacement and top storey absolute acceleration. As before, the response of the structure Table IV . Definition of the performance indices [27] .
Index
Description provided with braces of infinite stiffness is compared against the case of flexible braces for the two different values of the target frequency. From the plots, it can be seen that the brace-damper assemblies whose braces were sized in accordance with the method in Section 3.1 behave satisfactorily and are comparable to the ideal case of rigid braces. A detailed quantitative evaluation was carried out by using the performance indices defined previously. The results are presented in Table V for the two earthquakes.
The performance indices of the structure with flexible braces sized by using ! t D 3:5 Hz show excellent agreement with the performance indices of the ideal case. This confirms that the proposed procedure can deliver fast solutions close to optimality.
CONCLUDING REMARKS
A study of the influence of brace stiffness on the damping action of linear viscous fluid dampers has been presented. Based on the observation that the effects of brace stiffness can be represented as a firstorder filter, a new approach has been proposed. Firstly, the dampers are sized in the normal way, using an optimisation strategy that assumes the braces are infinitely stiff elements. Then the minimum brace stiffnesses are calculated based on desired damper efficiency over a predetermined frequency range.
Based on the study of a single-degree-of-freedom structure, we demonstrated that the resulting brace-damper assembly behaves nearly as a pure dashpot within a selected frequency bandwidth by preserving a desired level of the damper's efficiency. The analysis was extended to the case of multidegree-of-freedom systems to show that the design criteria can be applied straightforwardly. Numerical simulations of systems with added brace-damper assemblies acting under earthquake excitation were used to show the optimality of the solutions delivered using the proposed design procedure. Several performance indices were used to quantify the dynamic behaviour and compare different scenarios showing that the desired performance was achieved.
Because the optimal damper sizes are required to be known a priori for the ideal case of infinitely rigid braces, the method presented here can be seen as an additional tool, which is complementary to conventional damper design strategies. The main limitation of this method is that this applies only to structures that fit the definitions given in Equation (10) .
